Abstract. Let f ^ M be a differentiable family of compact complex manifolds Vi=nrH.t) on M={teRm | |/| < 1}, &-^ V a differentiable family of holomorphic vector bundles Bt -» Vt, t e M. In this paper we study conditions for the cohomology groups Hg'(Bt) to be constant in a neighborhood of 0 e M.
Introduction.
In the paper [4] the question of the constancy of the dimension of the groups H$s(Bt) of bundles Bt -> Vt, t e M, of a differentiable family ¡% -> ~f -s» M was studied. The notion of transportable forms was introduced, and those of extendible and co-extendible forms (see Definition 2.1 below). It was shown in [4] that dim H¿"s(Bt) is locally constant at a point t0 e M if and only if all harmonic forms y e Hr's(Bto) are transportable. This was shown to be equivalent with the hypothesis that all harmonic forms of the given type at t = t0 are extendible and co-extendible (Theorem 2.1 below). The purpose of this paper is to deduce conditions for all harmonic forms of a given bidegree at t = t0 to be extendible in the given family. This will automatically give conditions for co-extendibility, and thus for the constancy of dim H¿¡s(Bt) in a neighborhood of t0 e M. Applications and a further analysis of the conditions (which can be considered as a statement of the vanishing of certain obstructions) are planned to be given in a subsequent paper.
In §2 some notations are introduced and the basic result of [4] is recalled. For further details see [4] and, for a general background, [5] and [6] . The trivial extension of the harmonic theory of forms with values in the holomorphic tangent bundle T'0 of VQ to one for forms with values in ^ = F¿ © To is discussed in §3. The structural forms <pt and it which determine (each) the complex structure on Vt, are discussed in §4. §5 gives a development of the form (¡t, and in §6 the differential equations satisfied by an extension (resp. a co-extension) of a harmonic form are considered. The differential equation for an extension is seen to be equivalent with an "integral equation" with an "initial value" which is a closed form, and an integrability condition. A solution for the integral equation in the form of a converging series is obtained in §7, and the integrability condition is discussed in §8. Sufficient conditions for dim H%'s(Bt) to be locally constant are derived in §9, and in the last section conditions which are necessary in the differentiable case but also sufficient in the analytic case are obtained.
In [2], Ph. Griffiths presents an abstract theory of extendible forms. The idea of solving the corresponding differential equation through an integral equation obtained from the harmonic theory is used there, as well as in the paper [7\ of M. Kuranishi, but there the equation is one for the structural form <p and nonlinear.
Preliminaries.
Let "V f> M be a differentiable family of compact complex manifolds over M={t eRm \\t\<e} where c is a positive real number, and 31 !> V 1+ M a differentiable family of holomorphic vector bundles (see Definitions 1, 2 in [6, p. 58]). Let Lr,s be the vector space of differentiable sections of scalar forms of type (r, s) on Vt = ir'1(t). Let T[ © T" be the decomposition of the complexified tangent bundle of Vt into the direct sum of the holomorphic tangent Suppose there is given a hermitian metric on Vt and on Bt, each depending differentiably on /. We can then introduce the inner product (a, ß)t for a, ß e Lr,s(Bt) with the norm |a|( = (a, a)}12 (see §2 in [4]). Letting &t be the adjoint of 8t with respect to this inner product, we get the family {Dí}ísm of strongly elliptic formally selfadjoint linear differential operators Dt = #t 8t + 8t&t acting on the spaces Lr,s(Bt). If Hr's(Bt) denotes the space of harmonic forms of type (r, s) with values in Bt, or the kernel of D¡, we have a canonical isomorphism H'"(Bt) = H¡ls (Bt) induced by the inclusion Hr-°(Bt)^Zr-*(Bt).
In the spaces Lr,s(Bt) we will also use the Sobolev norms || \\k (see §2, [4]).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use associates to a form a (g) a its conjugate ago and satisfies S2 =/; it is an antilinear bijection. Extending S linearly to elements of </< and setting SL=L we get for L e i/>'r¡s, using the identities I=P+ Q and [/, I] = 0, In particular dimc Hr-s(V, Z>') = dimc Hs-r(</>", D").
For L, M e 1/1', we have Proof. The fact that the almost-complex structure associated with the projection ß( is integrable is expressed by the equation Substituting for F( from (7.5) and for |t from (5.9) and (5.10), we get for the solution 7)t of the integral equation (6.6) with the initial value bt e Hr,s(B0) the expression For bt e Hr,s(B0) we have i?¡ g Lr+S(B0), and if bt depends differentiably on t so does r¡t (see [7, p. 150] ). Using the development (5.8) for gt we get (7.9) [it, Vt] = 2 Pn(h\ he. The solution r¡t is a 8t-closed B-form of type (r, s), and it depends differentiably on t.
Let now As be the balanced hull of {ht | |r| <e} in Z(fa), i.e. As = {sht | |i| <e and -l^i^l}.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The last statement of the theorem follows from the Lemma 8.1.
9. Conditions for dim H¡'ts(Bt) to be locally constant. A form y e 8Lr,s~1(B0) is trivially extendible; it is sufficient to take r)t = tTrs(t)dta as an extension, if y = 8a. Therefore it is no restriction to limit oneself to harmonic initial values b in the following theorem which follows from Theorem 8.2. for VA¿ e Rm and VZ> e H'-S(B0), V£ e Hn-r-n~s(B*) are necessary for dim Hl\\Bt) to be constant in a neighborhood of r = 0. If the family is real analytic, then the conditions are also sufficient.
For the last statement, let us note that if the family is real analytic, then we can write «( = 2fcai (\/k\)h'0k)tk where the series converges in a neighborhood of i = 0. This implies the convergence of (9.13) Vt= 2 ^RÁtk,b0) + b0, for small /. Furthermore, y( = 2ngi Pn(ht> b0) is analytic in í in a neighborhood of t = 0 and, by the definition (9.11) of Rk, we have yt = ~nt for small /. Therefore -qt is a solution of the integral equation (6.6) with a constant initial value function b0, and the conditions (9.12) imply that the integrability condition (6.8) is satisfied. As ■n0 = b0e HT-S(B0) is arbitrary, it follows that all forms in Hr,s(B0) are extendible (analogously for co-extendibility). The local constancy of dim //||s(5t) follows then by the Theorem 2.1.
